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Abstract 
This paper presents an eigenstrain (misfit strain) model to predict the residual stresses (RS) generated 
by arrays of laser shock peening (LSP) shots (i.e. adjacent to each other over a surface patch or 
overlapping layers of LSP shots) where the use of a completely explicit analysis may be impractical. The 
results show that the LSP process parameters can be directly linked to the underlying eigenstrain 
distribution, which is shown to be approximately uniform over the area of the pulse and varies only with 
depth. Hence, the effect of multiple LSP shots at different locations can be rapidly assessed by 
superposition of eigenstrain distributions. 
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1. Introduction 
Laser shock peening (LSP) is a relatively new surface treatment technique, which has significant 
potential to improve the fatigue resistance of metal structural components. The LSP technique has been 
widely used for surface treatments of relatively highly-stressed alloy components used in the aerospace 
and automobile industries. The basic principle of LSP is to inhibit fatigue initiation or short crack growth 
by inducing compressive residual stresses (RS) close to the surface of a component. The technique 
involves firing laser pulses at the surface of a specimen. This generates a high amplitude, short duration 
shock (pressure) wave by rapid expansion of plasma, which is formed due to the vaporization of an 
ablative layer (e.g. an aluminium tape) placed on the surface of the workpiece and confined by a curtain 
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of water [1]. LSP has significant potential to improve the current designs of critical structural components 
and offers a means of achieving significant weight and cost savings in future aircraft designs. However, a 
comprehensive analytical or numerical method for predicting the RS distributions generated by LSP is 
lacking. Consequently, the method is not being exploited as effectively as it might be and in some 
situations it may fail to give the expected benefits.   
The stresses generated in the workpiece due to the shock wave will generally cause plastic deformation 
and on relaxation the deformed material is loaded in compression by the surrounding undeformed 
material causing a RS field [1]. The present authors have earlier developed an eigenstrain-technique-
based analytical model to determine the RS field generated by LSP [1]. In this method, the shock wave is 
first modelled as a dynamic pressure load in an explicit finite element (FE) model and the stabilised 
plastic strain distribution (i.e. eigenstraibn) extracted from the explicit FE analysis is then incorporated as 
an misfit strain distribution in a static FE model. The RS distribution generated by the original shock 
wave is obtained as the elastic response to the eigenstrain [1]. The first stage of this analysis requires the 
spatial distribution and time history of the pressure load. Although, direct determination of both these 
quantities, experimentally or analytically, is virtually impossible, it has been shown that reasonable 
approximations can be made [1]. In order to focus on the basic mechanics, an elastic-perfectly plastic 
material model was assumed in this work, and hence, in some respects the analysis can be considered as 
that of a ‘generic’ material. The analysis of the RS fields caused by a single LSP shot in a specimen was 
presented in [1], and the model predictions were validated against experimental results.   
The use of eigenstrain technique to model the RS fields generated by LSP has a number of advantages.  
This will obviate the need for a completely explicit FE simulation where it is necessary to wait until the 
resulting elastic stress waves are fully dissipated; by using the eigenstrain method, a solution can be 
determined at a reasonable computational cost. The results has shown that the LSP process parameters 
can be directly linked to the underlying eigenstrain distribution, and also, a given laser setting produces 
similar eigenstrain distributions in workpieces (of a given material) of different thicknesses. Therefore, it 
is possible to undertake a rapid assessment of the RS field caused in new or complex geometries, simply 
by installing the appropriate eigenstrain distribution at the correct locations within the component [1]. 
However, the earlier work [1] was limited to the analysis of a single LSP shot in a specimen, but, in real 
applications, usually a number laser pulses are applied on a surface to achieve a desired RS field over a 
wider area of the specimen. The present paper exploits one of the main advantages of the eigenstrain 
technique and develops method to determine RS fields generated by arrays of laser pulses where the use 
of a completely explicit analysis may be impractical. The paper shows that the effect of multiple shots at 
different locations can be rapidly assessed by superposition of eigenstrain distributions.   
 
2. RS filed due to an array of adjacent LSP shots (a single layer of LSP shots)  
As an example the results of a Ti-6Al-4V block of 20 x 25 x 8 mm peened with an rectangular array of 
twenty single square laser pulses of 4 x 4 mm2 (laser density (I) = 6 GW/cm2 and laser pulse duration (TL) 
= 18 ns), acting at the centre region of one of the large faces is discussed.  It is assumed that the LSP 
shots were applied as five subsequent lines of four LSP shots each along the x axis with no overlapping 
between any two adjacent laser shots (Fig 1a). Symmetry considerations require only a half of the block 
to be modelled (Fig 1a). Ti-6Al-4V was chosen because of its widespread use in the aerospace industry 
and the material model assumed in [1] is used here. The pressure–time history of the dynamic pressure 
load which represents the effect of each LSP shot was determined in a way which is consistent with the I 
and TL of the laser setting and this analysis is presented elsewhere [1]. 
In the explicit FE model, the multiple shots are simulated by applying a number of dynamics pressure 
loads at the correct locations within the specimen at appropriate intervals. The interval between the pulses 
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is determined by the need to allow the response to the previous pulse to be stabilised. This is achieved by 
turning on material damping after each shot once the initial plastic deformation has taken place and turn 
off damping prior to the application of the subsequent shot. The results of the present study has shown 
that the selection of a time interval of 20-25 ms between subsequent LSP shots allows the stabilisation of 
the RS field caused by the earlier LSP shot, and this time interval is significantly shorter than that in the 
actual process where the commercial LSP systems usually operate with a frequency of 2-10 HZ. Fig. 1b 
shows the distribution of fully-stabilised eigenstrains (Hp) in the specimen, predicted by the explicit FE 
model after the application of the last LSP shot. The figure shows that, neglecting edge effects, the 
distribution of Hp is approximately uniform with x and y, over the whole area subjected to the array of 
laser shots. This suggests that Hp caused by a LSP shot is developed directly under the area covered by the 
original pulse and also this distribution is not affected by the pre-existing RS state and eigenstrains 
present in the surrounding areas. Thus, the actual pattern of application of LSP shots is not important in 
the present model. Therefore, the RS filed in the specimen can be determined by simply installing the 
eigenstrain distribution over the required area in a static FE model. 
 
 
Fig. 1.  (a)  Explicit FE modelling of a half of 20 X 25 X 8 mm block  (b) neglecting edge effects, the distribution of 
Hp is approximately uniform with x and y 
 
3. RS fields due to multiple layers of LSP shots  
In practice, it is common to use multiple layers of LSP shots as it is found that this produces a deeper 
layer of compressive residual stress. Eigenstrain analysis of a specimen treated by two layers of LSP shots 
(with 50% overlap between the subsequent layers) is discussed below. A square array of four LSP shots is 
first pulsed and the fifth LSP shot is then applied at the centre of the array giving a state equivalent to two 
layers of LSP shots with 50% overlap between the two subsequent layers (Fig. 2a). As discussed 
previously, the Hp distribution caused by the first layer is approximately uniform with x and y and this 
distribution is also not affected by the particular order which the four shots were pulsed. The eigenstrain 
method is then used to investigate how the underlying Hp distribution is affected by the second layer (Fig 
2b). Fig. 2b shows that, Hp in the area covered by the fifth pulse is increased, and as would be expected, 
the change in Hp is limited to the area covered by this pulse. Neglecting edge effects, the distribution of Hp 
is approximately uniform with x and y, over the area subjected to the shot of the second layer, and hence, 
it is assumed that the Hp caused by the both layers are vary only with depth, z.   
Fig. 3a shows the variations of in-plane eigenstrain (Hp,x)  with z, for a single and two layers of LSP 
shots (note: the same specimen geometry and the LSP parameters assumed in Section 2 are used in this 
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analysis). The results show that Hp,x at a given z and the depth of the eigenstrain distribution (ze) both 
increase with the application of the second LSP layer. However, as would be expected, the magnitude of 
Hp,x at a given z and ze are both not doubled by the application of second layer of LSP shots since the pre-
existing residual stress state acts to mitigate subsequent yield. The increase in the Hp,x  between the 
subsequent LSP layers is more significant close to the surface and also at depths below the ze corresponds 
to the first layer.  Fig. 3a also shows that the variation of the two corresponding distributions of Hp,x with z 
is very similar with an approximately constant Hp,x until a depth of about 0.9 mm before decreasing to zero 
at about 2.3 and 2.95 mm respectively. The surface layer where Hp,x is approximately constant 
corresponds to the region of reverse plasticity caused by the unloading phase of pressure pulses [1].  
 
 
Fig. 2.  (a) 50% overlapping between two subsequent layers of LSP shots   (b) eigenstrain caused by the second 
layer is limited to the area covered by the original laser pulse 
 
Fig. 3b shows the variation of in-plane residual stress (Vx) with z at the centre of the arrays of single 
and double layers of LSP shots. It can be seen from Fig. 3b that, compressive zones of about 1.26 and 2.0 
mm deep are developed for the two peening arrangements respectively with counter-balancing tensile 
stresses beneath. A compressive stresses of about 550-600 MPa are developed at the surface for both laser 
settings and increase (magnitude) slightly with depth but within the range 620–720 MPa, up to a depth of 
0.8 mm. This variation is similar to that of Hp,x (Fig. 3a). The results in Fig. 3b further show that, although 
the second LSP layer does not significantly increase the compressive stress in the surface layers, it 
produces a much deeper (about 50% increase in this example) compressive stress layer.  It should also be 
noted that, to compensate for the increase in the depth of the compressive zone, an increase in the peak 
tensile stress can also be seen, rising from 220 to 275 MPa between the two subsequent layers of LSP 
shots. The location of this tensile peak also becomes deeper (increasing from 2.3 to 3.0 mm). 
  
 
Fig. 3.  (a) Hp,x   (b) Vx caused by single and two layers (with 50% overlap) of LSP shots  
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4.  Validation against experiments 
During the current study the RS distributions in laser peened Ti-6Al-4V specimens were measured 
using neutron diffraction methods by our collaborators at the University of Manchester [2]. In these 
experiments, the strains were determined by measuring the shift in the maximum of the Bragg peaks of 
the diffractive neutron beam; the broadening of these peaks is characterized by their full width at half 
maximum (FWHM), which is related to local variations of crystallographic orientation and hence to the 
plastic strains present in the specimen. Thus, the variation in measured FWHM values can be used to 
determine the specimen’s eigenstrain distribution although it is difficult to establish a direct relationship 
between the magnitudes of the two parameters. Fig. 4a shows measured FWHM vs. z at centre of the 
peened surface of a specimen peened by an array of two layers of LSP shots (I = 9 GW/cm2) with 50% 
overlap between the subsequent LSP layers. The results show high FWHM values until a depth of 1.35 
mm before decreasing to a plateau at 3.15 mm (Fig. 4a). Thus, it is possible to assume that the zones with 
constant low magnitude FWHM (i.e. z>3.15 mm) are outside of the plastically deformed zone, whereas 
higher FWWM correspond to plastic strains caused by LSP. Fig.4b shows the comparison between the 
measured FWHM (normalised to relate measured constant value to zero eigenstrain) for arrays of laser 
pulses (I=3,6 and 9 GW/cm2 respectively) and the eigenstrain distributions determined from the present 
analysis. The figure shows that, for all selected laser settings, the variation of measured FWHM with z is 
similar to that of eigenstrains, and also, the measured depths of the plastically deformed zones are match 
well with those predicted by the model.     
   
 
Fig. 4. (a) measured variation in FWHM [2] (b) comparison between the predicted Hp,x and measured FWHM [2] 
 
5. Construction of RS distributions using measured residual elastic strains  
The eigenstrain technique can also be used to construct the full RS field in a specimen using the 
measured residual elastic strains at a finite number of locations in the specimen [1]. The first step of the 
analyses involves assuming the specimen’s eigenstrain distribution (Hp(z)) as a Chebyshev series of 
known N number of terms (Eq. 1). It is also necessary to assume the depth of the eigenstrain distribution 
at the beginning of this analysis, and in the current work, the corresponding value obtained from the direct 
analysis of the LSP process is used. Chebyshev polynomials of the first kind (Ti(z); i = 0,1,2,3,..N-1) [3] 
are used here and the coefficients ci (Eq. 1) are unknown at the beginning of the analysis. The next step 
involves implementing each Ti(z) as an eigenstrain distribution in separate FE models and determining the 
residual strain distribution (Hi(z)) that corresponds to each Ti(z) eigenstrain distribution. The response of a 
specimen for eigenstrains is elastic, and hence, the resultant residual strain distribution caused by the 
1332  Mithila Achintha and David Nowell / Procedia Engineering 10 (2011) 1327–1332
original eigenstrain distribution (He(z)) is determined as the sum of each Hi(z) with the same coefficients ci 
(Eq. 2). Finally, the unknown coefficients ci (i=0,1,2,3,..N-1) are determined by matching He(z) with 
measured residual strains in a least square sense. Once an appropriate estimate for the eigenstrain 
distribution has been established, the complete RS distribution can be determined through a single static 
FE model. The flowchart given in Fig. 5a shows the step-by-step implementation of this analysis. The test 
results in Fig. 5b (marked with circles) [2] show the variation in measured residual elastic strains with z in 
a specimen peened by an array of laser pulses with I=9 GW/cm2. The solid line in Fig. 5b shows residual 
strain distribution determined using the inverse eigenstrain analysis.  
 
 
                                                                    (1)                                                                  (2) 
                                                                                                                                                                                         
 
Fig. 5. (a)  inverse eigenstrain modelling; (b) residual strain distribution constructed by eigenstrain analysis [2] 
 
6. Conclusions 
The study has shown that the eigenstrain technique can be used to accurately model the residual stress 
(RS) fields generated by arrays of adjacent and/or overlapping layers of LSP shots where the use of a 
completely explicit analysis may be impractical. The analysis has shown that, neglecting the edge effects, 
the eigenstrain distribution caused by a LSP shot is developed directly under the area covered by the 
original pulse and also this distribution is not affected by the RS state and the eigenstrains present in 
surrounding area.  Similarly, overlapping layers of LSP shots produce eigenstrains approximately uniform 
in the directions perpendicular to the propagation of shock wave, and hence, RS field can be determined 
by incorporating the appropriate eigenstrain distribution at the correct locations within the component.  
The results of an on-going study of edge effects of LSP shots will be published in due course. 
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